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Abstract. For a general dark-energy equation of state, we estimate the maximum possible radius
of massive structures that are not destabilized by the acceleration of the cosmological expansion.
A comparison with known stable structures constrains the equation of state. The robustness of
the constraint can be enhanced through the accumulation of additional astrophysical data and
a better understanding of the dynamics of bound cosmic structures.
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1 Introduction
The formation of structure in the Universe proceeds through the gravitational collapse of pri-
mordial fluctuations in the energy density. Dark energy competes against the self-gravity of
fluctuations, and it can slow down or even prevent the collapse of overdensities of sufficiently
low contrast with the background. In a Universe dominated by a cosmological constant or dark
energy, it is expected that the growth of structures cannot continue indefinitely (e.g., [1–7]). In
later times, dark energy can become important in the dynamics of gravitating structures [8] and
halt the collapse on certain scales/times [9]. In particular, for the outer shells of an overdense
region the average density of which has a low enough contrast with the background universe,
the acceleration due to the dark energy component can compensate for the inwards acceleration
induced through the gravitational attraction by the inner shells. As a result, there is a maximum
radius for an overdensity of a certain mass, beyond which matter can only expand. In ref. [7]
it was suggested that ΛCDM cosmology can be tested by examining whether the mass-radius
relation of observed structures in the Universe satisfies the constraint imposed by the above
argument. Of the few examples that were examined, none were found to violate the constraint,
even though certain structures are close to the boundary of the allowed region.
The simplest way to derive the constraint of ref. [7] is to consider the Schwarzschild-de
Sitter metric (in a slightly different notation from the one used in [7] for consistency with the
following sections) with massM and cosmological constant Λ:
ds2 = −A2(R)dt2 +B2(R)dR2 +R2dΩ2, (1.1)
where A2(R) = B−2(R) = 1 − M/(8πM2R) − ΛR2/3. dΩ2 is the metric on a two-sphere,
while Newton’s constant is G = 1/16πM2. The speed of light is set to c = 1 throughout. The
metric (1.1) describes the exterior of a compact spherically symmetric object of mass M in
the presence of the cosmological constant. An observer located at a constant value of R in the
system of coordinates (1.1) has four-velocity uα = (1/A, 0, 0, 0) and four-acceleration
uα;βu
β =
(
0,
GM
R2
−
ΛR
3
, 0, 0
)
, (1.2)
while, by definition, the four-acceleration of a freely falling one vanishes. Thus, the outward
acceleration of the observer at constant R < (3GM/Λ)1/3 is due to an outward external force
that counter-balances the gravitational attraction of the mass. On the other hand, an observer
at constant R > (3GM/Λ)1/3 must be subject to an inward force that balances the influence
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of the cosmological constant. It is obvious then that a freely falling observer initially located
at rest at R < (3GM/Λ)1/3 will move towards the central mass, while a freely falling observer
initially located at R > (3GM/Λ)1/3 will move away from it. The value
Rc =
(
3GM
Λ
)1/3
(1.3)
determines the outer radius at which the gravitational attraction of the central mass exactly
balances the effect of the cosmological constant. The radius of the bound object cannot exceed
this value, as its outer layers would be destabilized by the expansion.
For a time-dependent configuration, the value (1.3) corresponds to the maximum possible
value of the turnaround radius of an overdensity. The turnaround radius is the one reached
when its outer layers stop expanding and start collapsing under the overdensity’s self-gravity.
This bound on the turnaround radius depends only on the total mass it encloses and the value
of the cosmological constant [7]. In Section 2 we review the evolution of dark matter structures
much earlier than virialization, starting from the Lemaitre-Tolman-Bondi metric (LTB) [10–12]
for a pressureless fluid in a spacetime with a cosmological constant. In this way we verify that
the maximum turnaround radius in such a setting is given by eq. (1.3), with M corresponding
to the enclosed mass. We then, in Section 3, generalize the discussion to the case of dark energy
with a general equation of state. Exact generalizations of the LTB metric in the presence of
fluids with pressure are possible, but they involve a large number of functions to be determined
through the Einstein equations [13]. Allowing for a generic equation of state for the background
makes an analytical treatment technically difficult. However, as we shall show in section 3, an
explicit solution can be derived using a perturbative approach that captures all the important
features of the problem. Moreover, this approach makes it possible to relax the assumption of
spherical symmetry.
The generalization of eq. (1.3) that we shall derive can be used in order to obtain a
constraint on the equation of state w = p/ρ. This can be achieved by checking whether the
radius of a massive observed structure is indeed smaller than the expected turnaround radius.
In section 4 we shall compare with the data summarized in ref. [7], as well as with additional
data from the literature. We shall discuss the constraint imposed on w and the prospects for
making it more robust.
2 Turnaround radius in a Universe with a cosmological constant
We consider a spherically symmetric configuration of a pressureless fluid in a background with
a cosmological constant. For the metric we use the ansatz
ds2 = −dt2 +
R′2(t, r)
1 + f(r)
dr2 +R2(t, r)dΩ2, (2.1)
(LTB metric) where dΩ2 is the metric on a two-sphere, f(r) is an arbitrary function, and the
prime denotes differentiation with respect to r. The energy momentum tensor has the form
TAB = diag
(
−ρ(t, r)− 2M2Λ, −2M2Λ, −2M2Λ, −2M2Λ
)
. (2.2)
The fluid consists of successive shells marked by r, whose local density is time-dependent. The
function R(t, r) describes the location of the shell r at time t. Through an appropriate rescaling
it can be chosen to satisfy R(t0, r) = r at some initial time t0.
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From the Einstein equations for the above TAB one can derive
1
R2R′
[
R′
(
R˙2 − f
)
+R
(
2R˙R˙′ − f ′
)]
=
1
2M2
ρ+ Λ, (2.3)
where the dot denotes differentiation with respect to t, together with the conservation of the
energy-momentum tensor
R2R′ρ˙+ 2RR′R˙ρ+R2R˙′ρ =
∂
∂t
(
R2R′ρ
)
= 0. (2.4)
Integration of the latter equation leads to
ρ(t, r) =
M′(r)
4πR2(t, r)R′
(2.5)
with an arbitrary function M(r), and upon substitution in eq. (2.3) one obtains
∂
∂r
(
RR˙2 −Rf
)
=
1
2M2
∂
∂r
(
M
4π
+
2
3
M2ΛR3
)
. (2.6)
This is integrated trivially and leads to the effective Friedmann equation
R˙2(t, r)
R2
=
1
6M2
M(r)
4piR3
3
+
Λ
3
+
f(r)
R2
, (2.7)
with 1/G = 16πM2. The function M(r) of the fluid can be chosen arbitrarily. It incorporates
the contributions of all shells up to r and determines the energy density through eq. (2.5).
Because of energy conservation,M(r) is independent of t, while ρ and R depend on both t and
r. The function f(r) acts as an effective curvature term. It can also be considered as part of
the initial velocity of the fluid. It is straightforward to check that eqs. (2.5), (2.7) imply the
complete set of Einstein field equations.
The two arbitrary functions M(r), f(r) can be used in order to model a large variety of
expanding or collapsing cosmological configurations. We are interested in the evolution of an
initially expanding overdensity. The functionM(r) can be written asM(r) =M0(r)+ δM(r),
whereM0(r) = 4πr
3ρ(t0)/3 is the contribution from the homogeneous part of the energy density
at some initial time t0, while δM(r) > 0 approaches a constant value for r →∞. The function
f(r) must be taken negative for the solution of eq. (2.7) to describe the turnaround and eventual
collapse of the shells of the overdense region. A very intuitive picture is obtained if we assume
that at the initial time t0 all shells have the same expansion rate, determined by the average
density: H20 = ρ(t0)/(6M
2) + Λ/3. Then, from eq. (2.7) we obtain f(r) = −δM(r)/(8πM2r).
With this assumption, the evolution of each shell and its possible turnaround is determined by
the mass excess it encloses.
For f(r) < 0, a shell marked by r will turn around and start collapsing if at some time
t > t0 there is a solution to the condition R˙(t, r) = 0. As can be derived from eq. (2.7), the
maximum turnaround radius corresponds to the smallest value of κ = 8πM2|f(r)|/M(r) for
which the equation ωR3 − κR+ 1 = 0, with ω = 8πM2Λ/(3M(r)), has a real positive solution.
As |f(r)|/M(r) is a decreasing function of r for the physical situation we are considering,
the maximum turnaround radius is obtained for a certain shell rc, with all shells r > rc never
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collapsing. The minimal value of κ is κmin = 3ω
1/3/22/3, and the corresponding physical distance
of the shell rc
Rc ≡ R(tc, rc) =
(
3GM(rc)
Λ
)1/3
(2.8)
at the turnaround time tc. The detailed form of f(r) does not affect this relation.
From eq. (2.7) we can easily compute
R¨(t, r) = −
1
16πM2
M(r)
R2
+
1
3
ΛR. (2.9)
The acceleration of the shell rc vanishes exactly at its turnaround time. The shells r < rc
reach the turnaround point while their expansion has nonzero deceleration. The similarity
with the discussion in the introduction indicates that eq. (2.8) is a generalization of eq. (1.3)
for a dynamical configuration with a continuous mass distribution in space. The distance Rc
corresponds to the maximum radius of the outmost shell that can decouple from the general
expansion and collapse towards the center of an overdensity.
If the integrated mass is dominated by the contribution from the central region, where the
energy density is very large,M grows very slowly for large r, so that the exact determination of
the value rc is not necessary. In this case, eq. (2.8), with approximately constantM, determines
the physical distance Rc beyond which matter can never collapse, as it continuously accelerates
outwards.
3 Turnaround radius in a Universe with dark energy
In this section we generalize our previous discussion to the case of dark energy. As we mentioned
in the introduction, an exact solution of the Einstein equations is not feasible in this case. For this
reason we employ a perturbative approach, inspired by the theory of cosmological perturbations
in the Newtonian gauge. The details of the scheme can be found in the appendix A of ref. [14].
We assume that the energy density of the Universe receives significant contributions from
two components: a) the nonrelativistic matter, consisting of standard baryonic matter and cold
dark matter; and b) a homogeneous component characterized as dark energy. For the metric we
consider an ansatz of the form
ds2 = a2(τ)
[
− (1 + 2Φ(τ, ~x)) dτ2 + (1− 2Φ(τ, ~x)) d~x d~x
]
. (3.1)
We assume that the Newtonian potential Φ is weak, Φ ≪ 1 and that the dark energy is homo-
geneous with density ρE(τ). The energy density of matter is decomposed as
ρM (τ, ~x) = ρ(τ) + δρ(τ, ~x). (3.2)
We allow for significant density fluctuations, even though our analysis loses accuracy when they
are much larger than the background density. We would like to take into account the effect of
the local velocity field δ~v when it becomes significant because of large field gradients. We expect
that the velocity field is driven by the spatial derivatives of the potential Φ. The potential, in its
turn, is sourced by the inhomogeneities in the matter distribution. For subhorizon perturbations
with momenta k ≫H = a˙/a (in the present section the dot denotes differentiation with respect
to τ), we expect |δ~v| ∼ (k/H)Φ ∼ (H/k)(δρ/ρ). Consistently with this expectation, we assume
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the hierarchy of scales: Φ≪ |δ~v| ≪ δρ/ρ <∼ 1. As we are dealing with subhorizon perturbations,
it is also consistent to make the additional assumption that the spatial derivatives of Φ dominate
over its time derivative.
The energy-momentum tensor of matter is (TM )
µ
ν = ρ V˜
µV˜ν . We define the peculiar
velocity through V˜ i = δvi(τ, ~x)/a(t). Thus, at linear order, the energy-momentum tensor of
matter becomes
(TM )
0
0 = −ρ− δρ
(TM )
0
i = ρ δvi
(TM )
i
j = 0, (3.3)
with δvi = δv
i, while the energy-momentum tensor of dark energy is (TE)
µ
ν = diag(−ρE , pE , pE, pE).
With the above assumptions, one can derive the equations that describe the evolution of
the Universe. The homogeneous background satisfies the well known Friedmann and energy
conservation equations
H2 ≡
(
a˙
a
)2
=
1
6M2
a2 (ρ+ ρE) , (3.4)
ρ˙+ 3Hρ = ρ˙E + 3H (ρE + pE) = 0. (3.5)
The linear order Einstein equation for Φ is
∇2Φ− 3HΦ˙− 3H2Φ =
1
4M2
a2δρ , (3.6)
which, given our assumption about the relative size of spatial and time derivatives, reduces to
the Poisson equation:
∇2Φ =
1
4M2
a2δρ. (3.7)
From the conservation of the energy-momentum tensor we obtain the linearized continuity and
Euler equations
δρ˙+ 3Hδρ+ ρ~∇δ~vi = 0 (3.8)
δ~˙v +Hδ~v = −~∇Φ. (3.9)
The peculiar velocity V˜ i = dxi/dt = δvi/a, with dt = a(τ)dτ , has been defined in terms
of the comoving coordinates xi. Therefore, the velocity corresponding to physical distances
Ri = a(τ)xi is V i = dRi/dt = Hxi + δvi and the corresponding acceleration has the form:
d2 ~R
dt2
=
(
a¨
a2
−
a˙2
a3
)
~x+
1
a
(
δ~˙v +Hδ~v
)
= −
1
12M2
(ρ+ ρE + 3pE)~R−
1
a
~∇Φ. (3.10)
Eqs. (3.7), (3.10) are the generalization of the linearized form of eq. (2.9) for a background
with an arbitrary equation of state and a generic density fluctuation not necessarily spherically
symmetric.
For a spherically symmetric configuration, in particular, one obtains
d2R
dt2
= −
1
12M2
(ρE + 3pE)R−
1
16πM2
M(r)
R2
, (3.11)
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Figure 1. The bound on the mass-to-radius relation of stable structures for various values of the
parameter w of the dark-energy equation of state. The successive lines, starting from the top, correspond
to w = −0.5,−1,−1.5,−2 and −2.5. Masses and radii of known structures are also depicted (see text for
references).
where in the integrated mass M we have incorporated the contribution of the homogeneous
matter density ρ. This equation extends eq. (2.9) to the case of dark energy. IfM is dominated
by the contribution from the central region, we can approximate it as constant for sufficiently
large r. In this case, the physical distance Rc at which the acceleration vanishes determines the
boundary of the region within which matter can decouple from the expansion and collapse. We
find
Rc =
(
−
3M
4(1 + 3w)πρE
)1/3
, (3.12)
where we have assumed that w < −1/3. For the special case of a cosmological constant, i.e. for
w = −1 and ρE = 2M
2Λ, one recovers eq. (2.8).
4 Observational constraint on the equation of state
We can use eq. (3.12) to constrain the parameter w of the equation of state. This can be achieved
by comparing with masses and radii of known cosmic structures. For a given mass, eq. (3.12)
determines the upper limit on the possible radius of an object that has stopped expanding. We
shall focus on structures in our vicinity, characterized by low redshift. In this way, a constraint
can be placed on the equation of state of dark energy using current-cosmic-epoch data. Such a
constraint is largely orthogonal to the constraints from the cosmic microwave background that
use data from the epoch of last scattering, involving very different uncertainties. We use some
of the data summarized in ref. [7], as well as additional data from the literature.
The turnaround radius of a given structure can be estimated from the average radius
R0 of the zero-velocity surface, which delineates the region of space that does not follow the
general cosmological expansion. The average velocity of objects in the neighborhood of a massive
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structure deviates from the linear Hubble relation and eventually crosses zero at R0. Estimates
of the value of R0 can be obtained through observations of nearby flows. The mass of a given
structure is often deduced from the radius of the zero-velocity surface by identifying it with
the turnaround radius and using some incarnation of the spherical collapse model to relate this
radius to the enclosed mass. Values obtained in this way enforce by construction the spherical
collapse predictions for w = −1, and, therefore, cannot be used for constraining the equation of
state through our procedure. In order to constrain the equation of state, one must employ mass
estimates obtained independently through alternative methods.
The virial relation is a commonly used mass estimator for systems that are dynamically
relaxed. It is applicable in the central regions of galaxies or clusters, where astrophysical objects
have decoupled from the general expansion and the average matter density is much larger than
the dark energy density. Other similar methods are also available, based on the modeling of
orbital motions. Additional input on the distribution of matter, for example from simulations
of structure formation, can improve the precision of such estimates. Other methods, that have
been used as mass estimators, are the X-ray emission profile of the hot intra-cluster gas which
depends on the gravitational potential of clusters, and strong or weak gravitational lensing.
However, the quoted errors in the values deduced through these methods are rather large. The
weak point of these mass estimators for our purposes is that they do not take into account the
matter distributed between the virial and turnaround radii.
The data that provide interesting constraints on the equation of state through our approach
have been obtained primarily through the analysis of virial or orbital motions. We provide here
a brief summary of the data that we use:
• For the radius of the Milky Way we use R = 254+16
−19 kpc, corresponding to the distance of
the Leo I dwarf spheroidal galaxy, which we assume to be bound to the Milky Way [16, 17].
We also assume a mass range M = (1 − 2) × 1012M⊙, which can fit most observational
data, as summarized in ref. [16, 17].
• For the radius of the Local Group we take the radius of the zero-velocity surface R =
0.96 ± 0.03 Mpc, as given in ref. [18]. The mass estimate of [18] is deduced from this
radius and cannot be used as a constraint within our approach. For this reason, we
employ the kinematic estimate M = (3.17 ± 0.57) × 1012M⊙ of ref. [19].
• For the M81/M82 Group we take the radius of the zero-velocity surface R = 0.89 ± 0.05
Mpc from ref. [18] and the mass estimate M = (1.2 − 2) × 1012M⊙ from ref. [20], which
is derived via the virial theorem and from orbital motions.
• For the Virgo cluster, ref. [21] gives an estimate for the radius of the zero-velocity surface
in the range R = 5 − 7.5 Mpc. The virial mass estimate M = (7.5 ± 1.5) × 1014M⊙ is
given in ref. [22]. It is consistent with the valueM = 7×1014M⊙ derived in ref. [23] from
orbital motions. Note that the use of the Tolman-Bondi model for modelling the cluster
in ref. [24] results in a much larger value M = 1.2 × 1015M⊙ within 2.2 Mpc radius (not
a turnaround radius).
• In ref. [25], the radius R = 4.6 Mpc of the zero-velocity surface for the Fornax-Eridanus
complex is given, with a confidence interval of 3.88 − 5.60 Mpc. The mass deduced from
this radius cannot be used for our purposes. However, the estimate M = 1.92 × 1014M⊙
for the total mass of all virialized groups bound to the Fornax cluster is also given in ref.
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[25], following the analysis of ref. [26]. This value is compatible with the estimate from
the zero-velocity radius.
We plot these data in Fig. 1. For the Virgo cluster we depict points corresponding to the
mass estimates of both refs. [22] and [24]. In the same figure we also plot the lines corresponding
to the relation (3.12) for a Hubble parameter H0 = 67.3 km/s/Mpc, and matter and dark energy
density parameters Ωm = 0.315 and ΩE = 0.685, respectively. The successive lines, starting from
the top, correspond to w = −0.5,−1,−1.5,−2 and −2.5. The part of the parameter space above
each of the lines in Fig. 1 corresponds to the range for which no stable structures should exist
for the corresponding w. Very negative values of w result in extreme acceleration, which is
incompatible with some of the observed structures.
In the low mass range, the M81/M82 Group limits w to values w >∼ −2.5, while the Local
Group lies close to the w = −2.5 line. The Milky Way is well within the allowed region. This
indicates that matter in more compact objects, such as individual galaxies, has collapsed well
below the maximum turnaround radius. The corresponding data do not provide a significant
constraint on the equation of state of dark matter. On the other hand, groups of galaxies are
more extensive structures, from which meaningful bounds for w can be obtained. In the higher
mass range, the various estimates for the Virgo cluster are consistent with w >∼ −2.5, even
though the limited precision of the data indicates that the constraint could be tightened. The
Fornax-Eridanus complex requires w >∼ −2, even though the precision is limited again.
A very interesting possibility is discussed in ref. [27], where it is suggested that galaxy
groups in the Eridanus constellation are in the process of forming a supergroup. The analysis
indicates that there is a 56% probability that the Eridanus, NGC 1407 and NGC 1332 groups
form a supergroup which is bound and eventually will merge with the Fornax cluster. The mass
of the supergroup-Fornax structure is M = 13.7 × 1013M⊙ and its projected radius R = 5.9
Mpc. Even though the structure is at an early evolutionary stage, it appears to have decoupled
from the general expansion. The data point for this structure is depicted by a dark circle in
Fig. 1. It falls on the w = −1 line, leading to a very strong constraint on the equation of
state. It must be noted, however, that this large structure is still evolving and the analysis
providing its mass and radius is subject to large uncertainties. In particular, the effect of the
dark energy on the dynamics of the structure is not taken into account in ref. [25], even though
the average energy density of matter is comparable to that of dark energy at these length scales.
The absence of error estimates for the mass and radius given in ref. [27] makes it clear that a
more thorough analysis is required before definite conclusions can be drawn. On the other hand,
it seems plausible that the best bound on the equation of state can be obtained from structures
that are at the early stages of gravitational collapse and have a significant amount of matter
distributed at distances comparable to the turnaround radius. Such structures are still evolving
and very good modeling is required in order to determine their mass and radius with precision.
That the mass estimates used in Fig. 1 do not correspond to the radii to which they are
matched (i.e., that the masses are estimated out to a different radius than the one depicted in the
figure) is a general caveat of our conclusions regarding constraints on w. If the additional mass
between (a) the outermost radius corresponding to the mass estimates and (b) the turnaround
radius is not appreciable (which is more likely the more relaxed the structure is), then our
constraints are valid. If on the other hand the additional mass above is a significant fraction of
the estimated mass, then the datapoints in Fig. 1 have to be transported to the right and the
corresponding constraints become weaker.
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Deviation from spherical symmetry is another effect that can alter the strength of the
constraints discussed above. In fact, it was shown in ref. [4] that, in the limit of a highly
flattened fluctuation, turnaround and collapse occur regardless of the value of the cosmological
constant. However, this is not predictive of the behavior of a region within a spherical boundary
around a collapsed structure (which is the observable we are after). Ref. [3] provides data from
cosmological simulations for the size of the “sphere of gravitational influence” (in essence equiv-
alent to our maximum turnaround radius), which by construction include the effect of nearby
structures and deviations from spherical symmetry. It is found that, for realistic structures with
mass between 1014 and 1016M⊙, the “sphere of influence” is no more than 30% larger than the
result assuming exact spherical symmetry. Ideally, the problem can be addressed by targeted
analysis of (already existing) cosmological simulations, matching the mass ranges of interest as
well as the way the turnaround radius is defined in simulations and observations of asymmetric
structures.
Another important observation is that the method can be applied also to the case of a
varying equation of state for dark energy. The perturbative equations employed in section 3
have been generalized in ref. [28] for a dark energy sector modelled as an evolving scalar field
with a nonzero potential. They can be recast as evolution equations for a dark energy fluid
with a variable equation of state w(a), with a the scale factor. It is straightforward to see that
the maximum turnaround radius at a given time is given by eq. (3.12), with w = w(a). It is,
therefore, possible to employ structures at high redshifts as well, in order to constrain the time
evolution of the equation of state of dark matter.
It is clear that more astrophysical data are needed for the bound on w to become robust.
The standard approach on constraining the cosmological scenario through the properties of large
cosmic structures focuses on determining the number of massive objects at various redshifts and
examining whether it is consistent with the theory of structure formation. A precise comparison
of theory and observations requires a good understanding of the process of structure formation,
especially during the stages that cosmological perturbation theory is not applicable. Numerical
simulations is the only reliable, but technically difficult and time consuming, method for making
theoretical predictions. On the other hand, the argument of ref. [7] that we generalized for
the dark-energy scenario is characterized by its simplicity and generality. It does not depend
on the details of the cosmological model or the assumed primordial spectrum. It is essentially
Newtonian, so that it applies even if the dark energy is viewed as a parametrization of deviations
from General Relativity at very large scales. In addition, the observables involved (total enclosed
mass and enclosing radius) are in general more easily measured than, for example, the density
profile of structures at similar scales [29–31].
A detailed quantitative assessment of the power of the approach presented here to yield
constraints on w is essential for its future applications. This process will involve both numerical
simulations (to assess the effect of deviations from sphericity and that of neighboring structures,
as discussed above), as well as a systematic study of observational techniques for measuring the
mass and turnaround radius of structures at different mass ranges and redshifts.
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